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THE ERROR TERM OF THE PRIME ORBIT THEOREM 
FOR EXPANDING SEMIFLOWS 

MASATO TSUJII 


Abstract. We consider suspension semiflows of angle multiplying maps on 
the circle and study the distributions of periods of their periodic orbits. Under 
generic conditions on the roof function, we give an asymptotic formula on the 
number 7r(T) of prime periodic orbits with period < T. The error term is 
bounded, at least, by 

exp f f 1---;-- + £ ) /itop - T] in the limit T —)■ oo 

\V 4[Xmax/htopl / / 

for arbitrarily small £ > 0, where htop and Xmax are respectively the topolog¬ 
ical entropy and the maximal Lyapunov exponent of the semiflow. 


1. Introduction 


For a flow /* : M —>■ M on a closed manifold M with some hyperbolicity, it 
is well known that the number 7r(T) of periodic orbits with period < T grows 
exponentially as T —>■ oo and the exponential rate coincides with the topological 
entropy /itop of the flow. The prime orbit theorem, due to Parry and Pollicott 
m Theorem 9.3], gives a more precise estimate in the case of topologically weakly 
mixing hyperbolic flows: 

r'^ 

(1) 7r(T) = (1 + o(l)) / - dt as T —>■ 00 . 

This paper addresses estimates of the error term in this asymptotic formula. 

For geodesic flows on surfaces with negative (variable) curvature, Pollicott and 
Sharp proved in m that the relative error term, denoted by o(l) in the formula 
o above, is actually exponentially small, that is, bounded by Ce with some 
C > 0 and e > 0. More recently, this result is extended to higher dimensional cases 
by Giulietti, Liverani and Pollicott[3] and Stovanov[U]. But not much is known 
about the exponential rate at which the relative error term decreases. 

For the geodesic flows on surfaces with negative constant curvature, we have a 
much more precise asymptotic formula due to Huber, which reads 


( 2 ) 


p^topi 

~r‘“ 


E 


fT 


dt + O (eP*) 


where p = (3/4)htop and Pi, 1 < i < k, are real numbers satisfying p < pi < htop- 
(The exponents pi are related to small eigenvalues of the Laplacian on the surface. 
See [2].) But this result is known only for the case of constant curvature because 
the proof is based on the fact that the geodesic flow in such case is identified with 


Date: May 19, 2015. 


1 






2 


MASATO TSUJII 


the left action of a hyperbolic one-parameter subgroup of SL{2, R) on its quotient 
space by the right action of a discrete subgroup. 

Comparing these results, we are tempted to pose a question whether such a 
precise asymptotic formula as ([2]) is available for more general type of hyperbolic 
flows and by a more flexible method. In this paper, we pursue this question in the 
case of suspension semiflows of angle multiplying maps on the circle and provide a 
positive answer under generic conditions on the roof function. 

2. The main results 

2.1. Definitions. We consider a class of (simplest possible) expanding semiflows. 
This kind of semiflows have been studied in [H HU [H] as a simplified model 
of Anosov flows. First we fix a positive integer £ > 2 and consider the angle- 
multiplying map 

T : ^ S^, t{x) = £x mod Z. 

Let C'“(S'^) be the space of positive-valued C°° functions on S^. Then we consider 
the suspension semiflow of r with roof function / G {S ^): 

Tf = {Tj:Xf^Xf\t> 0}. 

(See Figure [U) This is a semiflow on the set 

Xf := {(a:, i/)£S'^x[R|0<y< fix)} C x IR 

and defined precisely by the expression 

T}ix,y) = iT^^^’y+*’^\x), y + t- 

where 

n—1 

(3) /(")(x) = ^/(r^(x)) 

i=0 

and 

(4) n(x, t;/) = max{n > 0 I/^"^(a;) < t}. 


2.2. Spectral properties of transfer operators. By a heuristic argument, the 
distribution of periods of periodic orbits of Ty is related to the spectra of the 
transfer operators 

w:Tj{w)—z 

Indeed, computing the flat trace of £*, defined as the integral of the Schwartz kernel 
K^iz, w) of £* along the diagonal z = w, we find 

(5) Tr^/:‘ = ^f;--i^.<5(t-n|7|) 

where F is the set of prime periodic orbits and jyl and Ej denote respectively the 
prime period and the (coefficient of) linearized Poincare map. If we ignore the sum 
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Figure 1. Expanding semiflow T/ 


over n > 2 and also the term " in the denominator of the summands (which are 
in fact relatively small), we would have 


(6) i.Tr'£‘ ^ 

7Gr 


and so 





7r(T). 


Therefore, if the flat trace Tr *’£* were related to the spectrum of £* as in the case 
of the usual trace, the asymptotics of 7r(T) would be expressed in terms of the 
spectrum of £*. For this reason, we are going to study the spectral properties of 
the transfer operators £*. 

Let us say that a function (/? : —>■ C is of class C°° if £*(/? for t > 0 are C°° 

functions on the interior Xj oi Xf (as a subset of x R) and each of their partial 
derivatives are bounded. This implies that (p is not only on Xj but also satisfies 
some conditions on its values and differentials on the boundaries. Let C°°{Xf) be 
the space of C°° functions on Xf (defined as above), which, equipped with the 
uniform C"" norms ||</3|jc° lie for r > 0, is a Frechet space. With this definition of 
C°°{Xf ), we may regard £* for t > 0 as a continuous semigroup of operators 

£* : C^{Xf) e C^{Xf). 

To study spectral properties of £*, we will define Banach spaces 

C°-{Xf)cB^^P{Xf)cL^{Xf) 

for real numbers r > 0 and integers p > 1 and consider the natural extensions of £* 
to them. The next theorem gives a spectral property of £* on B^'P{Xf) under some 
generic conditions on the roof function /. We write h(/), Xmaxif) and Xminif) 
respectively for the topological entropy, the maximum Lyapunov exponent and the 
minimum Lyapunov exponent: 

Xmax(/) := lim i max log II( 2 ;)II, Xmin(/) := lim i min log ||DT)( 2 :)||. 

t^oo t zGXf t^oo t zGXf 
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We put 

/ r\ Xmax(/) 

WTT' 

We always have a{f) > 1 from Ruelle inequality[ 8 ] and may regard a(/) as a 
measurement of spacial non-uniformity of expansion by the semiflow T f . 

Theorem 2.1. For any f € 0^(3^), any r > 0 and any integer p > 1, the transfer 
operators £} for sufficiently large t > 0 extend to bounded operators 

(7) ^ 

For each integer p > 1 and for each e > 0, there is an open dense subset Up{e) C 
(7“(5'^) such that, if f € Up{s) and if r > 0 is sufficiently large (see the 

essential spectral radius of the operator & for sufficiently large t > 0 is smaller 
than exp((pp(/) -I-e)t) where 

( 8 ) 

Remark 2.2. The conclusion of the theorem above implies that the spectral set of 
0 on the region \z\> exp{{pp{f) + e)t) consists of finitely many eigenvalues with 
finite multiplicities. Such eigenvalues (counted with multiplicity) are written in the 
form exp(/Xit), i = 1,2, ■ ■ ■ , k, with complex numbers pi that do not depend on t. 
(See [T71 pp295].) 

The case p = 1 in the theorem above corresponds to the result in our previous 
paper where the bound is 

Pi{f) = exp(xmax(/) • t/2) 

as a{f) > 1. (See also [HI [19] for the corresponding results for contact Anosov 
flows.) This bound is preferable when a{f) is close to 1, but the claim becomes 
vacuous when a{f) > 2 for pi{f) exceeds the topological entropy /itop(/)- The 
improvement achieved in Theorem 12.11 is that we get better bounds by choosing 
different integers p > 1 depending on a{f) > 1. For simplicity’s sake, suppose that 
/ belongs to the residual subset U := flpgiM Up{llm) C C'“(5'^) and put 

P{f) ■= ni)npp(/). 

P>1 

Letting 0p(/) = [«(/)! > 1 ) we have 

(9) Pif) < PpU) if) < (l - Hf) < Hf). 

Therefore, by choosing suitable p > 1, we always get a bound for the essential 
spectral radius of £* that is strictly smaller than the spectral radius exp{h{f)t). 

2.3. Asymptotics of the number of periodic orbits. We next give a conse¬ 
quence of Theorem 12.11 on the remainder term of the prime orbit theorem. Let 
r = r(/) be the set of prime periodic orbits for the semiflow T^. For a prime 
periodic orbit 7 G F, we denote its period by ly]. Let 7 r(r) = #{7 G F | jyj < T}. 


^This choice of p is not always optimal. 
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Theorem 2.3. Let e > 0 and suppose that the roof function f G belongs 

to the open dense subset Up{e) C given in Theorem \2.1\ for v > 1. Then, 

with setting 


( 10 ) 


P = Ppif) 


Ppjf) + Hf) 

2 


we have an asymptotic formula 


r(T) = 




k' 


dt 




where pn, 1 < i < k', are those complex numbers in Remark \2.2\ satisfying the 
condition p + e < 5i(/ii) < h{f). 


Note that, if we let p = p{f) = |"q;(/) 1 > 1, we have, from (IS|), that 

Remark 2.4. The reason that we have the average Pp{f) instead of Pp{f) in the 
statement of Theorem 12.31 above will appear in its proof given in Section [6l (See 
Remark 16.91 1 


In the following sections, we proceed as follows. In Section |3l we formulate a 
transversality condition on the roof function / and decompose Theorem 12.11 into 
two theorems: Theorem 13.31 that proves prevalence of the transversality condition 
and Theorem |33] that proves the conclusion of Theorem 12 .1 1 from the transversality 
condition. We prove Theorem 13.51 in Section [5] after preparation in Section H) We 
insert the proof of Theorem l2.3l in Section |6] before we prove Theorem l3.3l in Section 
[7l as it uses the argument in the proof of Theorem 13.51 


3. The generic condition 


We set up notation on the dynamics of the semiflow Ty and formulate the 
transversality condition that defines the open dense subset Up{e) in Theorem 12.II 

3.1. Differential of the semiflow T/. The differential DTj{z) : — >■ at 

z G Xf is well-defined if z and Tj{z) are not on the (lower) boundary ot Xf. In 
general, we define 

DTUz) = lim DTUx,y + e) : R^ ^ R^, 

£—>-+0 •' 

where DTj{x, y + e) for sufficiently small e > 0 is constant and hence the limit on 
the right hand side is well-defined. For t > 0, we set 

(11) F;(z,<;/) = and F( 0 , t;/) = 

OX 

where n{x,t-,f ) and f^'^\x) are those defined in m and Then we have 

( 12 ) 

We write D''^Tj{z) for the transpose of the inverse of Df*{z), that is, 

(13) D^T}{z) := ^{Df{z))-^ = 


S{z,t-,f) 

1 
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where 


(14) S{z,t;f) = -E{z,t-jr^Fiz,t;f). 

Then the minimum and maximum Lyapunov exponents of Tj are written 

Xmin(/) = lim I log ( min E{z, t; /) ) 

t-^ao t \zeXf J 


and 

Xmax(/) = lim i log ( miM E{z, t] f)] . 

t-yoo t \z€Xf J 

For the topological entropy h{f), we have 

i log ( min E{z, t; f)] < h{f) < ^ log (max E{z, t; f)] 
t \zeXf J t \zeXf J 

for any t > 0 and hence 

Xmin(/) < h{f) < Xmax(/)- 

For 0 < j/min < 2 /max and Ko > 0, let 5^(2/min, 2 /max,'to) C C'5°(S'^) be the open 
subset that consists of / G C'^{S^) satisfying 

2/min </(a;) < 2/max, \f{x)\<Ko ,\f'{x)\<Ko for all x G S'b 


If / G divniin, 'to), we have 

(15) Xmin := < Xmin(/) < Hf) < Xmax(/) < Xmax := • 

2 /max ymin 

In what follows, we fix 0 < 2 /min < 2 /max and kq > 0 and confine our attention 
to the semiflows T/ with / G 5^(2/min, 2 /max, 'to)- Since the subset 5^(2/min, 2 /max, 'to) 
exhausts C^(S^) in the limit 2 /min + 0 , 2 /max +oo and kq —>■ +oo, this causes 
no loss of generality. We henceforth fix r > 0 such that 


(16) 


X ^ Xmax/Xmin ^ 1- 


3.2. Cones in the flow direction. Since the time-t-map Tj is partially hyper¬ 
bolic, its (push-forward) action on the cotangent bundle 

D^Tj : Xf xR^ ^ Xf X D'<Tj{z,0 = {Tj{z), D^Tj{z)0 

admits a forward invariant cone field. We can set up such a cone field concretely 
as follows. For real numbers s and 0 > 0, we define 

Cis,e) :={(^,r;)GR2||/-sr2|<0|r2|}cR^ 

We fix a real number 70 satisfying l/£ < 70 < 1 and set 

Co := C{O,0o) := G | |e| < OoM} C 

where 


Then we have that 

(17) iDTj)l{Co) = C{S{z,t-,f),E{z,t-J)-%) C C(O,7o0o) C Co 
for all z = {x,y) G Xf and t > f{x) — y. 
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3.3. Backward orbits. For each z G X/, the number of points in its backward 
orbit 

{T))-\z) = {w^Xi\T){w) = z} 

for time t > 0 grows exponentially as t —>■ 0. Indeed, for any e > 0, there exists 
Cg > 1 such that 

(18) < #{Tj)-\z) < VzGXf, Vt > 0. 

For z = (x,y) G Xf, t>0 and w G {Tj)~^(z), let 

(19) 0 < Sk(z,w,t){z,w;t) < ■■ ■ < S 2 {z,w;t) < si{z,w;t) < t 

be the sequence of time t at which the orbit Tj{w), 0 < s < t, crosses the lower 
boundary 5”^ x {0} of Xf. By definition, we have 

y.,(z,»;t)(^) ^ X {0} for 1 < fc < k{z,w,t). 

Since we are assuming that / G S^(ymin, 2/max, kq), we have 

[ t/y maxj ^ ^('^7 0 — r^/Z/min]- 


Below we investigate transversality between the cones 

(20) {D^T}UiCo) = C{Siw,t;f),Eiw,t;f)-^eo) ior w G {Tj)-\z) 

in some generalized sense. Since much variety of angles of the cones (Il^r|)„(Co) 
for w G {Tf)~^{z) causes technical difficulties in the following argument, we classify 
the points w G {Tj)~^{z) with respect to the value of E{w,t;f) (whose reciprocal 
is proportional to the angle of {D^Tf)iu{Co)). For an interval J = [a, &] with 
0 < a < &, we set 

B{z, t- J; f) = {wG {Tj)-\z) I < E{w, t; f) < e'*}. 

We fix a C°^ function x : R —>■ [0,1] such that 


( 21 ) 


x{t) 


0, iff >2; 
1, ift<l. 


For s G R, let (s) = x(s) + (1 — x('S))|s|, so that (s) G [l,max{l, |s|}] and that 


(s) 


1, if |s| < 1; 

|s|, if|s|>2. 


Definition 3.1. For z G X f, t > 0 and a p-tuple w = (w(l), • • • , w(p)) of points 
in {Tj)~^{z), we set 

>S'(w, t; f) = y] S'(w(/), t; /) 
and define £^(w, t; f) by the relation 




E{w{i),t;f)' 

We define the function lF’'(w,t;/) : —>• by 

'E{w,t;f) ■ 1C - -5'(w,t;/)77| 


W^’'(w,t;/)(C,??) = 


^0 • iv) 
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This function takes constant value 1 on the cone 


( 22 ) 




and grows rapidly as the point gets far from it. 

As a quantification of transversality between p-tuples of cones in (I20L we con¬ 
sider the quantity 



(23) 


In the case p = 1, boundedness of this quantity by some relatively small constant 
implies that most of the cones in (l20l) are transversal to each other. In the case 
p > I, it does not have such geometric meaning, but still useful in the argument 
below. 

Remark 3.2. By definition, {w,t; f){^,r]) is constant on the intersection of a 
straight line through the origin with the region \r]\ > 2. Hence the constant 2 in 
IT’’(w, t;/)(^, 2) above could be any constant rjo such that |77o| > 2. 

The next theorem gives a bound on (a slight modification of) the quantity (l23l) 
under generic conditions on the roof function /. Before stating the theorem, let us 
make a guess on the bound. Note that each function ^ i-A- lT’’(’w, t; /)(^, 1)“^ decays 
rapidly on the outside of a neighborhood of ^ = 5'(w, t; /) with width proportional 
to A(w, t- f)~^ < e““‘. Hence, if the values of 5'(w, t; /) for w S B{z, t\ J; /)p were 
distributed randomly and independently on the interval [—p^OiP^o] (as random 
variables on the space of roof functions /), the large deviation argument would tell 
that, for almost all roof functions /, the quantity (|23ll should be bounded by 


e®* max{l, exp(—at) • (!)(?/) ^(z))^} < exp ((max{p • h{f) — a, 0} -I- e) t) 


in the limit t —>■ oo, for arbitrarily small e > 0. The next theorem tells that this 
guess is basically true, but with slight modifications. 

For an integer n > 1, let Per(T, n) be the set of periodic points of r with period 
not greater than n and, for d > 0, let Per 5 (T, n) be the open d-neighborhood of 
Per(r, n). 

Theorem 3.3. Let p > 1 be an integer. For an interval J = [a, M with 0 < a < b 
and real numbers e,6 > 0, there exists uq = no{e) and a prevalent subset 


Q (^Jj n ^ ^ S, p^ d ^(ymini ymax; ^o) 


for n > no, such that the following claim holds for f € Q{J, n, e, S]p): 

For sufficiently large t > 0 and for any z = (x,y) € Xf with x ^ Per 5 (n, r), 
there exists a subsets = £{z,t; f) C with ffS <p|"10a/e] such that 



(24) 


for any f G [—^o, ^o]; where the sum is taken over p-tuples w = ("w)!), • • •, w(p)) 
in B{z, t; J; f)P with 



(vir(f)) ^ f X {0} for i = 1,2,-■■ ,p. 


^See remark below for the definition of this term “prevalent”. 
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Note that the point belongs to r "(a;) x {0} from the definition 

of Sniz,w;t) in (fT^ . 

Remark 3.4. In the statement above, we used the notion of “prevalence” that is 
introduced in 011111 . A measurable subset S' in a linear topological space X is 
said to be shy if there exists a Borel measure /i such that 0 < < oo for some 

compact subset U C X and /r(S + a;) = 0 for any x G X. (/a is called a transverse 
measure for S.) A shy subset has empty interior. Any countable union of shy 
subsets is again shy. (This is far from trivial.) A measurable subset P is said to be 
prevalent in Q G X Q\P \s shy. (See 0 for the detail. See also m for a similar 
but different notion which could be used alternatively.) 


The next theorem states that the transversality condition in the theorem above 
yields an estimate on the essential spectral radius of the transfer operator £*. 

Theorem 3.5. Let p > 1 be an integer and let Ju = [ai^,bu], 1 < iz < vo, be 
intervals such that the union of their interiors contains the interval [xmin, Xmax]. 
For 1 < V < vq, put 

{p - l)h(f) + maxjp • h{f) - a^, 0} + p{b^ - a^) + b„ 

25 = ---. 

2p 

Suppose that /o belongs to the prevalent subset 

UQ OO OO 

^=nnn n Q { Jv , n , 1/m, llm'\p) C S'(?/min, J/max, Kq) 

i>—l m —1 m ' — l n>no(l/m) 


where GiJ,n,e,S;p) is that in Theorem Then, for any rj > 0, there exists a 
neighborhood V of fo in C^{S^) such that, if f gV, the essential spectral radius 
of the transfer operator for sufficiently large t is bounded by where 

(26) p{f) = max{/r,, | int n [Xmin(/), Xmax(/)] 0}- 

For given ij > 0, we can take the intervals J^, = [ 0 ^, 61 ^], 1 < v < vq, narrow 
enough so that the quantity p{f) is bounded by 


(p - 1 + max{p, a(/)}) h{f) + p 

2p 


Ppif) 


JL 

2p 


Therefore Theorem [5T] follows from Theorem l3.3l and Theorem l3.5l (The first claim 
on boundedness of £* is proved in Subsection 15.11 ) 


4. The Banach space 

In this section, we define the Banach space S”’P(IR^) and prove some related 
lemmas. (The definition resembles that of Besov spaces in [10 Section 2.3.1].) We 
will construct the Banach space B'^’P{Xf) in Q using this Banach space as its local 
model. (But, since Xf is not a manifold, the construction is a little different from 
the usual one.) 


4.1. Definitions. We introduce two partitions of unity on R: 

{Xra : R —>■ [0, l]}mez+ and {p„ : R —>■ [0, l]}„gz. 
The former is the Littlewood-Paley partition of unity, defined by 


X(|t|), ifm = 0; 

X( 2 —|t|)-x( 2 -"^+i|<|), ifm>l 


Xm : R [0, 1], Xniit) 
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where x is that taken in Subsection 13.31 The latter is defined by 

{ x(sgn(a::)yi^-n+l)-x(sgn(a;)y|^-n + 2), if n > 1; 

X(\/N + 1): if 71 = 0; 

X(sgn(a;)y^ + 7i + 1) - x(sgn(a;)+ ?i + 2), if 71 < -1 
Note that the support of the function p„ is contained in the interval 

r[(n-l)2,(n+l)2], ifn>l; 

= < [-1,1], if 71 = 0; 

[[-(|n| + l)2,-(|n|-l)2], ifn<-l 


which contains sgn(7i) • v? and whose length is comparable with |7i|. 
Next we define the partition of unity 

{Xn,m : -)> [0,1] I 71 e Z,771 e Z+} 

on by 


Xn,m ■ R ^ [0, 1], Xn,m{^j 1?) — Pn{v) ' Xm{(^Q ' (u) ’ ■ 

The support of the function Xn,m is contained in the region 

([-2™+i(n)20o,-2™-i(7i)20o] U [2^-1(71)200, 2™+i(n)20o]) x 
when 771 > 1, and in [—2(n)20o, 2(7i)20o]) x otherwise. 


Definition 4.1. For a real number r > 0 and an integer p > 1, we define the norm 
II • ||r,p on the Schwartz space 5(R2) by 

( OO OO 

^ ^(2™-||.F-ioM(x„.™)o.F7i||i.p)2p 

n——oo m—0 

where J- and Ai((p) denote the Fourier transform and the multiplication operator 
by ip respectively, and || • ||i 2 p denotes the norm. Let i3’’’P(R2) c 5'(R2) be 
the completion of 5(R2) with respect to this norm. For a subset iX C R^, we write 
for the subspace of i3’'’^(R2) that consists of elements whose support is 
contained in the closure of K. 


Remark 4.2. We could introduce another parameter q £ R and define the Banach 
space i3’'’^’’‘?(R2) as the completion of 5(R2) with respect to the norm 

/ OO OO \ 

E E(2™-(^)^’-|l-^-'°-^(Xn.n^)oJ-7l)||i2p)2P . 

\n——oo m—0 / 

We can develop our argument presented below for these more general Banach spaces 
(regardless of the choice of q) in parallel, with slight differences in constants. One 
advantage of considering such generalization is that we can prove that the eigenfunc¬ 
tions of £} corresponding to the peripheral eigenvalues outside of the essential spec¬ 
tral radius belong to This is essentially because = C'°°(R2) 

and because the peripheral eigenvalues and the corresponding eigenfunctions do not 
depend on the choice of Banach spaces. But we restrict our argument below to the 
case q = 0 for simplicity’s sake. 
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For technical argument in the next subsection, we introduce slight variants of 
the Banach space For real numbers S and E > 0, let As,e : —>■ be 

the linear map defined by 


(28) 



Ex 

SEx + y 




The transpose of its inverse is 


/it 

^S,E 






The Banach space is defined as the push-forward of ;B’’’P(R^) by As^e- 

Precisely we define 


,B'--p(r2) = {ue ^'(R^) I u o As,e G ^'■’P(R^)} 


and equip it with the norm 

(29) ||w||r,p,s,E := ■ 11m o As^eWt^p 


oo oo 


= E E(2™ll-^-'o-^(X«,,n.S,E)o^M)|U2.)2p) 

\n——oo m—0 

where Xn,m,S,E '■= Xn,m O (/4^,£;)“^- 


j l/2p 


4.2. Basic estimates. We provide a few basic lemmas related to the definitions 
introduced above. Note that the operator o M{xn,m) o E \s written as a 
convolution operator 

oM{Xn,m) oFu = Xn,m * U 

with Xn^rn = (277)-'^E~'^Xn,m- 

Lemma 4.3. For arbitrarily large v > 0, there exists a constant Ci, such that 

\Xn,m{x,y)\ < a • (2-(n)3) • (2™(n)2|x|)-'^ • ((n) • \y\)-'' 

uniformly for integers n and m > 0. In particular, the norm ofxn,m is uniformly 
bounded. 


Proof. The family of functions 

Xn.mif, v) ■■= x„.m(2”"(n)^C. H(^7 “ n\n\)) 

for n € Z. and m G Z+ are uniformly bounded in iS(R^) and therefore so are the 
family of functions 

E-^Xr,,m{x,y) = (2-'"(n)-3) • • E-\r.,mi2-"^{n)-^x, {n)-^y). 

This implies the conclusion of the lemma. □ 

Similarly we have 

Lemma 4.4. The norm of Xn,m,s,E = {2 '!t)~^X n,m,s ,e is bounded by a 
constant independent of n, m, S and E. 

By abuse of notation, we will write Xn,m also for the convolution operator by 
Xn,m, SO that Xn,mU — Xn.m ^ U — E O Ei(^Xn.m') Eu. 
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Lemma 4.5. For integers n and m > 0 and for a bounded region U C the 
convolution operator 

Xn,m = oM(Xn,m) O F I ^ L‘^P{R^) 

is a trace class operator. There exists a constant Cq > 0, independent of n, m and 
U, such that 

llXn.m : L^^iU) ^ L2P(R2)||Tr < Co ■ 2^{nf ■ \U\n,m 
where || • ||Tr denotes the trace norm and 

\U\n,m-- [ max ({2”^{nf\x-x'\)~'^-{{n)\y-y'\)~^)dx'dy'. 

J (x,y)£U 

Remark 4.6. Since we consider operators between Banach spaces, it might be more 
standard to use the term “nuclear operator” and “nuclear norm” instead of “trace 
class operator” and “trace norm”. For the definition and basic properties of trace 
class (or nuclear) operators, we refer [H Ch. 5]. 

Proof. Let us set Xn m ■— TTn' m' Xn',m' where the sum is taken over {n',m') 
such that supp Xn',m' nsuppxn,m ^ 0- Since x'n,m ■ Xn,m = Xn,m, we may write the 
operator Xn,m as 

Xn.mU = X'„,m * Xn,m *U = J dz' 
where is the rank one operator defined by 

f>z'U{z) = Xn,m{z' - z")u{z")dz'^ ■ xf^^JyZ - z'). 

From Lemma 14.31 we have 

< Co{nf2^ ■ max (( 2 ™(n)^ 

(x,y)&U 

for z' = {x', y'). Indeed the left hand side is bounded by 

IIXn.mllLSp • ||Xn,'mll(i^»’)* ~ llX^.mlli^p • Hx^.mlli® 

with <7 > 0 such that q~^ + {2p)~^ = 1 and hence by C'o(n)^2’" at least. Because 
> 0 in Lemma 14.31 is arbitrarily large, we can get the latter term on the right 
hand side in addition. Finally we obtain the lemma by the triangle inequality. □ 

For the purpose of extracting the low-frequency part of functions, we consider 
the operators 

/Cfc : 5'(R^) ^ 5(R^), lCkU= ^ Xn.mU 

for integers k > 0. If 17 C R^ is a bounded region, the operator JCk ■ B^p{U) —>■ 
g'',p(R 2 ) jg g, trace class operator from Lemma [4.51 and hence compact. 

As a model of the semiflow Tj viewed in local charts (that we will choose in the 
next section), we consider a C°° diffeomorphism 

(30) A:V ^ A{V) A{x,y) = {Ex,y + g{Ex)) 

where E > 1, V := {—E~^r]t,E~^r]t) x R C R^ with some small 77 , > 0 and 
g : (— 77 *,? 7 *) —>■ R is a C°° function satisfying | 5 '(a 7 )| < yo^o- Letting < 7 ? : R^ —)> R be 
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a C°° function whose support is contained in (—ly*, ??») x R, we consider the transfer 
operator 

(31) L-.C^{V)^C^{A(y)), Lu={ip-u)oA-^. 


In the next proposition, we suppose that the function (p{x,y) G C“(1R^) satisfies 


(32) 


dy^ 


< K, 


for m > 0 


for some given constants Km > 0. When we apply the proposition below in the next 
section, we will consider many different functions as (/?, which satisfy the condition 
(15^ for some uniform constants K^- 


Proposition 4.7. If we have (in addition to the setting above) that 

(33) |5'(a;) - 5f'(0)| < (1 - 70 ) 6 * 0 /^^ for all x G 

the operator L extends to a bounded operator 

L : ^ ,Bg^(A(supp lyj)) where S = g'{0). 

There exists a constant Co > 0, which depends only on p, r and the constants Km’s 
in (|32p . such that we have 

||Lo (1 - /Cfe) : ^ Sp_^s(A(supp(^))|| < 

provided that we take sufficiently large k > 0 according to A and (/?. 

Proof. Recall the linear map As^e in (l28l) . The diffeomorphism o A satisfies 
the assumption on A for the case E = 1 and 5" = 0. Recall also that yBp^(lR^) is 
defined as the push-forward of B^’P{R‘^) by As,e and equipped with the norm (l2^ 
having the factor E^^'^p. Hence, to prove the statement of the lemma, it is enough 
to prove it in the case E = 1 and S = 0 (and Hg*^(IR^) = H’’’P(1R^) consequently). 
We assume E = 1 and S' = 0. Take u G S(IR^) arbitrarily and set 

'^n.m — : 

>■(«',m') “ Xn',m' i.LUn^m') — Xn' ,m' O L O Xn.mi^ri.m) 


and 


Xn',m’ — Xn',m'(,Lu) — ^ ,m') 

{n,m) 

where x'n m is timt defined in the proof of Lemma 14.51 and x'n m denotes the con¬ 
volution operator by the function {2TT)~^E~^x'n,m- Since (1 — Kk) on B^'PIR'^) is 
bounded uniformly in k and cut off the low-frequency components, it suffices to 
show 

(34) ^ < Co^(2'-'"||u„,™|U2p)2p 

n',m' n,m 

assuming that Un,m vanishes when 2"*(n)^ < k for some large k. 

We estimate the operator norm of Xn',m' o Lo x'^m on L^*’(1R^). Let us set 

1, if \n — n'\ < 3; 

max{ n, n'}, otherwise 


(35) 


Ai(n,n') = 
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and 


A 2 (n, m, n', m') 


[max{ 2 "* (71)2,2""' (n')^}, 


if either m' = 0 or 2 "" < 2 ”"+^(n) 2 ; 

otherwise. 


We are going to prove two estimates: One is that, for any ly > 0, there exists a 
constant > 0 , depending only on v and the constants Km’s, in ([32|l . such that 


(36) oLox'„_^||i2p < C'^Ai(n,n') " 

for any combination {n,m,n',m'). The other is that, for any v > 0, there exists a 
constant C{A, ip, v), depending v, A and p, such that 


(37) oLox'„„^||^ 2 p < C'(A,(/j,i/) • Ai( 7 i,n') " • A 2 (n, m, n', m') " 

for any combination {n,m,n',m!). 

The required estimate (l34l) will follow from (1361) and (l37l) . By using Holder 
inequality, we see that the left hand side of (p4|) is bounded by 


^ ^ Q^prm' 
n' ,m' 


n,m 


2p 

L^p 


<' \ ^ \ ^ A r)2pr' 

_ / / ^ ^n,m,n',m'’ 

n' ,m' n,m 




2p 

L^P 


where 

= Co ' ■ 2 l""'-”"l • (n - n'f 

with Co > 0 a constant depending only on p and r. The estimate dSzl) with 
large v implies that the components „!)->■(»'.m') is very small if m' > 0 and 
2”" ( 7 i ')2 > 2”"+"‘(n)2. (Recall that we suppose Un,m vanishes when 2""(n)2 < k for 
some large k.) Hence the sum on the right hand side above over such combinations 
(n, TO, to', to') are negligible or more precisely bounded by c-J2n 
and we may let the constant c > 0 be arbitrarily small by letting k large. To the 
remaining components for which either to' = 0 < to or 2 ”" (ti')^ < 2 ""+'*(n )2 holds, 
we apply the estimate (l36ll with large v. Then we obtain the required estimate (IMll 
by elementary computation. 

To prove (|36ll and (1^ . we look into the integral kernel of Xn',m' o L o x'n^m 
and estimate it by using integration by parts. Though the following argument is 
elementary and already presented in [I], we give it to some detail for completeness. 
(We will use a similar argument later, where we will omit the proof.) To begin with, 
let us make the following observation which motivates the definitions of Ai(-) and 
A 2 (-): There exists a small constant c > 0 such that, for any (^', -q') G suppxri',™' 
and any (^, ry) G i7H|„(supp x(i,m) w gV, we have 


(38) Iry'— 77 I > cmax{|n|, Iri'l} if jn — 7 i '|>4 


and 

(39) |C'-|| > cmax{2""(n)2,2""'(n')2} if to'> 0 and 2""'(n')2 > 2""+4(n)2. 


Next let us write the operator Xn',m‘ 

Xn'.m' oLox'„_^u(z') : 


o L o x'^m as an integral operator 
= (27r)“2 f K{z',z)u{z)dz 
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with the integral kernel 
(40) K{z,z) = 

J . ^{A-\w))dede'dw. 

To apply integration by parts, we consider the differential operators 
P ^ 1 - - d') • dy ^ ^ 1 - i{DA\^e - O') ■ dy, 

^ 1 + | 77 - 77'|2 ’ ^ ij^\DAle -e'\^ 

expressed in the coordinates 9 = (^,??), 9’ = {^',r]') and w = {x,y). These satisfy 

_ ^i{e-A-'^{w)-e'-w)^ j _ ^ 2^ 

(For the case j = 1, note that A is written in the form (1501) . 1 Hence 




ede’-A-\w)-9-w ). <^{w)dw 


for i = 1,2, where *(Dj denotes the transpose of Vj with respect to the inner 
product. We apply this formula with j = 1 for several times if |n — n'| > 4 and 
then apply that with j = 2 for several times if m' > 0 and 2"* (n')^ > 2"*+^(n)^. 
As the result, we get the expression of the form 

where the integration with respect to the variables 9' and 9 are taken over the 
supports of Xn',m' and Xn,m respectively. Using the estimates (1581) and (159|) . we 
see, for arbitrarily large p > 1 and for any integers a, a', /3, (3' > 0, that 


^ ^/M/ a,c./3,c'./3' • Ai (n, fy) • A 2 (n, m, fy, w')' 

|9, d,, d^,^iw,9,0)\< 


where the constants Cv,aA,a',P' depend on A and ip but not on n, m, n' nor m!. 
This implies that, for arbitrarily large p > 0, we have 


(41) |Ar(z', z)| < (^(A, (/J, p) • Ai(n, n') • A 2 (n, m, n', m') '' 

■ J Pn']m'i^' - W) ■ Pn}ni^~\w) - z)dw 


where 

y) = 2^{nf • {2^{nf\x - • {(n)\y - y'D'U 

Hence we conclude the estimate dSZl) by Young’s inequality. Note that if we did not 
apply integration by parts using 1 ) 2 , we obtain the estimate 


(42) \dp^d^:d^''if{w,9,9')\< 


C'U,/3,a'./3' • Ai(n,n')- 


{n)P ■ {n')P' ■ (2™(n)2)“ • (2™'((n')fy)“' 


where the constants C'^ ^ / 3 ,a',/ 3 ' depend on v and the constants Aim’s in (|55|) but 
not on A, ip, n, m, n' nor m'. Hence we obtain (1361) by a parallel argument. □ 
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Lemma 4.8. Let U C be a bounded region. Let pi : —>■ [0,1], 1 < z < /, 
be a finite set of C°° functions with compact supports such that = 1 

for X € U. Suppose that the functions pi satisfy the condition LSS\} with (p = pt 
for some constants Km for m > 0. Then there exists a constant Co > 0, which 
depends only on p, r and the constants Km, such that, for sufficiently large k > 0 
(depending on the functions pj), we have 

I 

Y,\\p.-{l-JCk)u\\l(^<Co\\u\\l(^ 

and 

I 

i=l 

for any u G where p is the intersection multiplicity of the subsets 

Xi := {a: G IR I (x, y) G supp pi for some p G R} for 1 < z < /. 

Proof. To get the claims of the lemma, we reconsider the argument in the proof 
of Proposition 14.71 in the case ^ = Id and ip = pi, and pay extra attention to the 
localized property of the kernel of Xn',m' m given in m and (|42l) . We omit 

the detail of the proof as it is easy to provide. □ 


4.3. An LP estimate using transversality. The next lemma is the key step of 
the argument in the proof of Theorem 13.51 


Proposition 4.9. Let S{i) and E{i), 1 < z < M, be real numbers such that 
|5'(z)l < 70^0 azid E{i) > £. For a p-tuple i = (i(l), i(2), • • • , i(p)) G {1, 2, • • • , M}^, 
we define 

S{i) := sm), m ■■= ( E 

fe=i \fe=i 



and set 


(43) A = max ^ ((T;(i)/0o)|C --S'(i)|) ^ 

iG{l,2,... ,M}P 


Then there exists a constant Co > 0, independent of S{i) and E(i), such that, for 
sufficiently large k > 0, we have 
(44) 

M 

y^(i - /Cfc)zzj 
2=1 


2p 


< Cq max ■ 




r,p 


min ’ 

1<2<M 


MP- 



2p 

r,p,S{i),E{i) 


for any m G ^s(’)^£;(i)(R^)- 


Proof. Inspecting the supports of the functions Xn,m and Xn',m',s(i),E{i), we find a 
constant cq > 0, independent of S'(z) and E(i), such that 


Xn,m ■ Xn' ,m' ,S(i),E{i) — 0 (o^' Xn,m * Xn' ,m' ,S{i) ,E(i) — 0) 

if jrz — rz'l > 3 or if m > 0 and m > m' — logi?(z)/log2 + cq. From Lemma [4.41 
the L^ norm of the functions Xn,m and Xs{i),E(i),n',m' are bounded by a constant 
independent of, rz, m, n', m', S(i) and E{i) and therefore so are the operator 
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norms of the convolution operators with these functions on L^p(IR^). Hence, by 
using Holder inequality twice, we obtain that 


E E b’- 


n m>0 


M 


Xn,r, 




2p 


L^P/ 


M 




|2p 

Il 2 p 


n m>0 i—1 
M 


fiv^'-'EEE 


i—1 n m>0 


^ ^ ^ ^ ^ iCn.rn^ 'Xn',rn',S{i),E{i){^i) 


n' m' 
M 


2p 


L^p 


< 


' ^ i—1 n' m' 


mini< 2 <M 


Notice that we excluded the components with to = 0 in the estimate above. Below 
we give an estimate on the components with to = 0, which is more essential. Note 
that we may (and will) suppose that |n| is large, by letting k (in the definition of 
/Cfc) be larger if necessary. 

For a p-tuple i = (i(l), i(2), • • • , i{p)) S {1, 2, • • • ,M}p, we write 

p 

Xn,o('Ui(fc)) 


and estimate the E norm of XS{i),E{i),h,m * Ui for integers n and to > 0. Since the 
support of J^Ui is contained in the subset 

p 

Esuppx„,o := 

fe=i 

we have Xs(i).E(i).fi.m * Ui = 0 unless 

(46) ||np - p|np| < p(2|n| + 1) + 2|ri| + 1. 

We henceforth suppose that n satisfies (|46|. Since we assume \n\ is large, this 
implies that the ratio h/n is close to and we have \n — y/pn\ < 3(y^ + !)• 

For convenience in the argument below, we introduce the functions 

Cn,m,S,is(^) P) ■— Xn,m,S,E{^t P) ' Xi^O ' 
on which satisfy 

E Cri,m,S,E(Cp) = Pn{p) ' Xi^O^ ' (^)”^ ' 0 = Xn,o{^,p)- 
m>0 


E 

k=l 


Xi 


Xi e supp Xn.O > C R 


We write Cn,m,s,E for the convolution operator by the function (27r) ^Cn,m,s,E- 
Then we have 


(47) 

and also 




m>0 


\\Cn,m,S,E{u)\\L'^P < Co\\Xn,m,S, e{u)\\l^p 

for a constant Co > 0 which depend only on the choice of the function x(‘)- 
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For a sequence m = (m(l), • • • , m(p)) S (Z>o)^ of non-negative integers, put 

|m| = max m(fc). 

l<i<p 


By inspecting the position of the supports of Xn,m,s,Ei‘) in the ^-coordinate, we 
find a constant (7 > 0, which depends only on p, such that, if |m| < rh — C, we 
have 

SUpp n I y Xn,in(k),S(i(k)),E(i(k)) 

\k=l 



and hence 


Xn,rh,S{i),E{i) * 



= 0 . 


From this and gZl), we have 




P 

E n Cn,m{k),S(i{k)),E{i(k)) {'^i(k )) 

|m|>m—C k—1 


2 


L 2 


By using Schwarz and Holder inequality, we continue 

p 

Cn,m{k),S{i(k)),E(i{k)){'^i{k)) 

k^l 
P 

<Co E 2|m| n Cn,m(fc),S(i(/c)),£'(i(fc)) ('^i(fc)) 

|m|>m—C k—1 


<Co 2l""l 

lml>m—C 


2 

L 2 

2 

L 2 p 


and further 

< Co2--^n (2(’'+i)-W||C„,^(fc),5(iW),B(iW)(«iw)lli.^ 

m k—1 
p / oo 

< Co2-™ n E 

k—1 \m —0 

where (and henceforth in the proof below) Co > 0 denotes constants depending 
only on p and r and its values may be different from place to place. We therefore 
conclude 

(48) 2^^\\xn,^^sii)Mi)i^0\\h 

p / OO 

< C'o It ( E 2^'’'"IIXn,m,S(i(fe)).£;(i(/c))(Ui(fe))|li2p 

k—1 \m—0 

where we used the fact 2r > r -I- 1 that follows from (fTHI). 

Now we are going to prove the conclusion of the proposition. Recall the quantity 
A defined in (H5|) and write 

Wi(^,7?) = ((F;(i)/0o)|?/(7)-5(i)lE^ 
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Then we have 


Xn,0 I 2_^ 

Vi=l / 


2p 


L^P 




< Y, llW^j-' ■ m • IIW;-' • Wj • J-ZljIU. 


L2 1.J 


< ^ • Vl^i • J^Ui 


illi^ 


IJ 


< 






2 

L 2 - 


Since Vhi(^, 77 ) < on the support of Xs.rfi,s(i(fe)).E(i(fc)), we have from (gH]) 

that 


llm • :Fu,\\1. < Co ^ ^ 2-||xii.^,5(i).E(i)(zii)|li. 

n:|n—n|<3(Y/p+l) rh—0 

p / oo \ 

< C'o Yj n ( X! 2^™||x«.m,S(i(fe)).E(i(fc))(Mi(/c))|li2p I . 

71:171,—n|<3(y'p+l) k—1 \m—0 / 

From the last two inequalities, we deduce 

(49) 


E 


X «,0 I 

\i=i y 


2 p 


L2P 


p / oo 


< CoA . ^ ^ E n E 2"'’'"IIXn,™.S(iW),E(iW)(t^iw)|l 

n n:|n—7i|<3(,y/p+l) i k—1 \?7i—0 


L2p 


M oo 


< CoA . ^ ^ ^ 2^^n\Xn.m,S(^.E(^)M\\hp 

n \i=l 771=0 / 

M oo 

< CoAMP-^ ■ EEE 2 ^"™IIXn.™.sW,^;wK)llf=p by Holder inequality. 


1 = 1 71 771=0 


Finally note that 

M 




2p 


sE'F' 


r,p 


Xn,m I / . Ui 
\i=l / 


2p 




where the sum ^ is taken over n and m > 0 such that2'"(n^) > k. By (H511 and 
(gSl), we obtain the conclusion of the proposition. □ 


Corollary 4.10. In Proposition E3 the operator L is a hounded operator from 
B''P{V) to B^^P{A{suppip)). 

Proof. It suffices to show that the inclusion l : Hgl;(H(supp ip)) —?> H''’P(H(supp p)) 
is bounded. This follows from ProDOsition l4.9l apr)lied to the trivial case M = 1. □ 
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5. Proof of Theorem 13.51 

Below we set up a system of local charts on Xf so that the flow Tj looks smooth 
in each of them and then introduce the Banach space using such local 

charts and the Banach space Once we have done with these, the proof of 

Theorem l3.5l is not very difficult and obtained basically by applying the propositions 
(especially Proposition 14.9|) to the transfer operators induced on the local charts. 
Unfortunately a slight combinatorial complication is caused by the fact that we 
admit the “exceptional set” £ in the definition of GiJ, n, e, 5\p). In order to present 
the idea of the proof clearly, we first prove the conclusion of the theorem assuming 
a stronger condition where f = 0 in Subsection [ST] and then explain how we modify 
the argument to obtain the theorem in Subsection 15.51 

5.1. System of local charts on Xf and the definition of B^’^{Xf). To begin 
with, we take two small real numbers 770 > 0 and i5o > 0 and consider the open 
rectangle 

R = {-m, Vo) X (4i5o, 7So) CQ = (- 8770 , ^Vo) x (0, lli5o). 

For each a = ( 2 : 0 , 770 ) G Xf, we consider the two mappings 

ka : Q S'^ X R, Ka{x, y) = ( 2:0 + 2 ;, 7/0 + y). 


and 


where 


Ka ■= TT O ka ■■ Q ^ Xf 


(50) TT : S'! X R+^ X/, 7 r( 2 ;, 7 /) = (r"(^’^’/)( 2 :), 

and 1R+ = {s G IR I s > 0}. (See Figure[2l) We suppose that 770 and <5o are so small 
that both of Ka and ka are injective for any a G Xf. 




Figure 2. The mappings ka, tt and Ka- 


Next we take a finite subset A of Xf so that the images ka{R) for a G A cover 
the subset 

Xf := {{x, 7/) G X 1R+ I 5(5o < 7/ < /(x) + 6(5o}- 
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Letting So and the ratio tjq jSo be small, we may and do assume that the intersection 
multiplicity of {Ka{R)}aeA is bounded by an absolute constant (say, by 4). 

We define the Banach space B^’P{Xf) as follows. We suppose that the product 
space 0aGA B^’’P{R) is a Banach space with the norm 



for U = {Ua)aeA e 0aGA ^'"’^{R)- 


Then the operator 


(51) n-.^B^^P{R)^L^{Xfl n((^,),eA) = ^¥>aOR-i 

a^A a^A 

is bounded because B'~^p{R) C B^ ‘^{K) C L‘^{R). 

Definition 5.1. Let B^’^{Xf) C L'^{Xf) be the image of (ICT) . This is a Banach 
space with respect to the norm 


\\u\\b-.p = inf < llul 


r,p 


= n(u),ue0s'-’^>(i?) . 

aeA j 


The operator If in (1^ is then restricted to a bounded operator 


n : ^B^’P(R) ^ B’'’P(Xf) 

aeA 


with operator norm 1. 


We next define a bounded operator I : B^’P{Xf ) -A 0^^^'^'’’^(i?) which makes 
the following diagram with t = 6<5o commutes: 


(52) 


B^’P{Xf) 





> B^'PiyXf) 


Remark 5.2. It would be preferable if we let t = 0 and defined the operator I as 
the left inverse of 11. This may be possible but will not be easy. 


Let /3 : 5^ X R —>■ [0,1] be a smooth function defined by 

fx(<5o'^(2/ - fix) - 5(5o) + 1), if fix) + 5(5o < y; 

^ix,y) = ll, if6So <y < fix) + 5So; 

- x(<^cr^(?/“ 5(5 o) + 1), ify<6i5o 

where x is the function defined in (I^Tl) . This function is taken so that it satisfies 

, I 0, on the outside of Xf, 
p{x,y) = < 

1 1, when 6i5o < y < fix) + 5(5o 


and also 


f3{x, f{x) + y) + Pixf y) = I for any x, x' G and 0 < y < 6(5o. 
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We then take C°° functions /la : t [0,1] supported on i? for a S A so thalU 

ha o ka^ = /3 on 5^ X R. 


For each u G C°°{Xf), we set 

u : Xf ^ C, u{x, y) 


u{x,y- 6(5o), 


if y < 6(5o; 
if y > 6(5o. 


Since {C^^°u){x,y) = u{x,y — 6<5o) when 6<5o < y < f{x), this is a smooth function 
on Xf. We define the operator I by 


(53) I(u) = (Wa)aeA, Ua = ha - {uo Ra) for U G C°° {X f). 


This operator extends to a bounded operator I : B'''^{Xf) as we 

will see in the next paragraph, and makes the diagram (1521) commutes. 

Next we introduce the operator 


(54) L‘ := I o £*-6^“ o n ; 0 i3’''P(i?) ^ 0 

a^A a^A 


for t > 6i5o. By applying Corollary 14.101 to each component, we see that this is a 
bounded operator. fSee Remark l5.6l for more detail.') Since = Io 11 is bounded 
in particular, so is I : B^-^^Xf) —^ from the definition of B^-^^Xf). 

From (|5^ . the diagrams 


(55) 


and 


(56) 




B^-p{Xf) ■ > B^’P{Xf) 


®a^A^^’nR) 


B'--P(Xf) > B^’P(Xf) 


commute for t > GSq. In particular, the operator £* : B'"’P{Xf) -A B^'P{Xf) is 
bounded provided t > 6^o- It is not difficult to check that the operators 


£‘ : B^’PiXf) -A B^’P{Xf) and L‘ : 0 B^’P{R) -a 0 ^’'’^(i?), 

a^A a^A 

have the same essential spectral radus and their peripheral eigenvalues on the out¬ 
side of it coincide up to multiplicity. 

The operator Jj for t > 65o is expressed as a matrix of operators 



^Here and henceforth, we suppose that ha o ka^ is a. C°° function on X R which takes value 
0 on the outside of ka{Q)- 
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Each component ^ B'~'P{R) is written in the form ([ST]), i.e. 

= {(fi ■ u) o A with 

(58) A = Al^^ : ^ and (fi = y) ■= hb o Al^i,{x, y) 

where 

(59) Al^^,ix,y) = oTj o Kaix,y) 
and 


(60) Ri^b = {z G R\Tjo Kaiz) G KbiR)}- 

Remark 5.3. The mapping is defined only on a relatively small open subset 

Ra^b Ry which will be fragmentary in the direction transversal to the flow when 
t is large. It is locally written in the form (l30t with E > 1 and with g a C°° 
function satisfying \g'(x)\ < 70^0 • Though the function is defined only on 

R-a^b^ extend it to a C°° function on IR^ with support contained in Q, by 

letting ^ : BR^ —>■ [0,1] be a (7°° function such that 


and setting 


h{z) = 



on R] 

on the outside of Q, 


h{z) ■ hb o A*_^j,(z), if z G Q and Tj o K,a{z) G Kb{R); 
0, otherwise. 


In particular, B^^^b i® smooth on R in the sense that £^_,,j,((7“(i?)) C C^{R). 


5.2. Essential operator norm. We introduce the notion of essential operator 
norm of a bounded operator. This notion is particularly convenient in our argument 
about the essential spectral radius. For a bounded operator L : B ^ B' between 
Banach spaces B and B', its essential operator norm, denoted by \\L : B —>• i?'||ess, 
is the infimum of the operator norms of its perturbations by compact operators: 

\\L : B ^ .B'lless := inf{||T — K : B ^ B'\\ \ K ■. B ^ B' is compact}. 

Obviously this is bounded by the operator norm \\L : B —^ B'\\. Since composition 
of a compact operator with a bounded operator is again compact, we have 

\\L' oL:B^ B"||ess < \\L' : B' ^ B"||ess -11^:5^ S'||ess. 


The essential spectral radius of L : B ^ B is bounded by its essential norm: 

Pess(T|B)< ||T"|b|1L4”< II^IbIIbss. 


Theorem 13.51 will follow from the claim that, if e > 0 and if / is sufficiently close 
fo fo G G, there exists some t, > Gdo such that 


(61) 


< exp((^(/) + £:)t,). 


Indeed, from Corollary 14. 101 we have, for some C > 0, that 


(62) 




< C for 6do < t + 6(5o- 
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(See Remark [O] for more detail.) Since 

Pess{C%...^X,)) < = ||noL‘-6^0 olllVn 

< ||n||^/" • ||L‘* II K^i-6<5o)/t.J/ra . II j^nt-[(nt-6i5o)/t.J-t. ||l/n . ||I||1/'^^ 

we obtain the conclusion of Theorem 13.51 by letting n —> oo. In the following 
subsections, we prove the claim (ED). 

5.3. Reduction of the claim. Below we show that the claim (EU follows from 
the corresponding estimates on some localized transfer operators on local charts, 
to which we can apply Proposition 14.71 and 14.91 We proceed in a few steps. First 
note that the claim (ISTl) follows if we show that 

(63) 114^, : B^’P{R) ^ B^’P{R)\U < Co exp((^(/) + e)t) 

for sufficiently large t > 0 and for all a,b G A, with Cq a constant independent of t. 
To proceed, we take a finite family of C°° functions 

for each t > 0, such that J2j=i P] = 1 on i? and that supp p* C Q. We assume that 

• p* satisfies (I32p with some constants Km > 0 uniform in j and t, 

• the support p* is contained in a region of the form Jj x IR where /j is a 
closed interval on R, and 

• the intersection multiplicity of Jj, 1 < j < J(<), is bounded by 2 (say). 

Remark 5.4. In the following subsections, we will assume that the length of the 
interval /j is very small when t is large. It is important that the constants denoted 
by Co below do not depend on the choice of the functions p* (though they may 
depend on the constants Km)- 

Let us write the operator as 

,7(t) 

(64) = 

3 = 1 

where M{pj) denotes the multiplication operator by p*. By the second claim of 
Lemma 2^ we see that the inequality (1631) follows if we prove 

(65) ||M(p‘) -g B^’^{R)\U < Co exp((p(/) + e)t) 

for all 1 < j < J{t), a,b G A and for sufficiently large t > 0, with a constant Cq 
independent of t and j. 

We decompose the operator M{pj) o in (IS51) further. For w G {Tj)~^{b), 
there is a unique open neighborhood Ul ^ of the point w + (0, 65o) in 5'^ x 1R+ that 
is mapped bijectively onto Kb{R) by Tj o tt. (Recall (1^ for the definition of tt.) 
We define 

■= Ra^b C R". 

Then R-l^^b i® disjoint union of Rl^^^w ^ ^ (^/)~^(^) though some of 
Ra-yb w "^ill 6e empty. Correspondingly we define 

^a^b,w = • Ra^b,w R 
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and, for 1 < j < J{t), 


Pa—yb,w,j * ^a—^b^w ^ Pa^h,w,ji^') ij^b ' Pj^ ® -^a—^b,W’ 

Then the operator M{pj) o is written as the sum 


Af (p*) O Cl, = Y. ■■ C^iR) ^ C^iR) 

»G(T*)-i(5) 

where j = 0 if = 0 and otherwise 


^a^b,w,j^ {Pa—^b,w,j ' ® i-^a^b,w') 

Remark 5.5. Notice that the functions ^ j satisfy the condition (l32l) with some 
constants > 0 uniform for a, 6 , ru, j and t. 


By the first claim of Lemma 14.81 the claim (1631) follows if we show that 


( 66 ) 


E 


ft 

^a—>b^w,j 


: B^'P{R) B^'P{R) 


< Coexp{{p{f) + e)t) 


we{T})-Hb) 

J ess 

for sufficiently large t and for all a,b G A and 1 < j < J{t), with a constant Cq 
independent of t, a, b and j. 


Remark 5.6. Letting the lengths of the intervals Ij in the definition of p* be small, 
we may apply Corollary 14.101 to each component j : B^'P{R) —>■ B'^’P{R) 

and see that they are bounded. Consequently the operator L* in (l57l) is bounded. 
Further, since we may take the bound on the operator norm of L* locally uniformly 
in t, we obtain (1621) . 

5.4. A preliminary argument for the Proof of Theorem 13.51 As we noted in 
the beginning of this section, in order to illustrate the main point of the argument 
clearly, we first prove the conclusion of Theorem 13.51 under a stronger assumption. 
For n > 1 and e > 0, we define G'{J^,n,e;p) as the set of / G 5^(ymin, J/max, 
such that, for sufficiently large t > 0 and for any z = {x,y) G Xf, the condition 
(l24)) holds for any ^ G [—0o,^o] with £ = 0 in the summation. We assume that the 
roof function / belongs to the set 

1^0 oo 

^'=n n n G'{Ju, n, l/m;p) C 5^(?/min, 2 /max, kq)- 

1/—1 m—1 n > 1 

Remark 5.7. From the discussion preceding to Theorem 13.51 we expect that the 
subset G' above is also prevalent in S^(?/min, 2 /max, kq)- The proof of Theorem 13.51 
would be simpler if this was true, as we will see below. But some technical difficulties 
(related to interference between perturbations) prevent us from this. We therefore 
resort to a more involved argument presented in the next subsection. 


We continue the argument in the last subsection under the assumption as above. 
We assume that the lengths of the intervals /j in the choice of the functions p* are 
very small. (The precise condition will be given in Remark 15.81 1 Let us take and 
fix a poini0 zq = zo{j) G suppp* n R. For each w G {Tj)~^{b) with 7 ^ 0, let 


^We will ignore j's such that supp H R = 0. 
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q = q(w) € Q he the unique point satisfying Ka{q{w)) S and Tj{Ka{q(w))) = 
Hb{zo)- Then let S{w) and E{w) > 1 be real numbers such that 

(67) 2) • 

We divide the set {Tj)~^{b) into disjoint subsets B,y, 1 < < r-o, so that w G 

{Tj)~^{b) is contained in Bi, only if E{w) G [e®"*, Further, letting t be 

sufficiently large, we may and do suppose that Bi, = 0 if 

(68) [Xmin(/), Xmax(/)] H ffit Jj. = 0. 

Then the operator on the left hand side of (1551) is expressed as 


u)G(T*)-i(b) *^=1 

where 

^ 0 $.(w) = 

and 

wGBi, 

Here we suppose that equipped with the norm 


II(«™)II := 



l/2p 


Then, from Lemma [4.81 and Proposition 14.71 the essential operator norm of is 
bounded by 

(69) Co max E{w)^^‘^^ < Co exp^b^t/{2p)). 

w^Bu 


Remark 5.8. To get the estimate (l69l) . we apply Proposition 14.71 to each ^ 

For this purpose, we have to assume that the lengths of intervals /j in the choice 
of the functions are sufficiently small. This is of course possible. The point is 
that the constant denoted by Co in (|59|l does not depend on the choice of pj. 

From Proposition US] and (IT^ . the essential operator norm of is bounded by 

Coexp((h(/) + e)t){p - l)/2p) ■ 

where is the quantity dehned in Proposition 14.91 in the setting 

{{S{i),E{i)) I i = I,- - • ,M := #5,.} = {(^(ui),C(ui)) | w G B^}. 

Remark 5.9. To deduce the estimate above, we used m to bound Note also 

that, from the condition (1T5)1 in the choice of r, the latter factor Mp~^A > Mp~^ 
on the right hand side of the inequality (1441) of Proposition 14.91 exceeds the former 
factor M^P“V(mini<i<M E{i))'^P'' < exp(-2pr • Xmint)M'^P~'^. 
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Since we are assuming that f G G' , we have that 

Ai, < exp((max{p/i(/) - O;,, 0} + p{b^ - a^) + e)t) 

for sufficiently large t, uniformly in a,b G A and 1 < j < J{t). Therefore we 
conclude that the essential operator norm of ° is bounded by 

„ fK + {p- l)(h(/) + e) + max{ph(/) - a^, 0} + p{b^ - a^) + 2e ^ 

2p ’V 

provided that t is sufficiently large. By the definition of in (l26l) and arbitrari¬ 
ness of e > 0, this implies ( 1 ^ . (Note that ipy o = 0 if ( 1 ^ holds.) 

5.5. Proof of Theorem 13.51 We explain how we modify the argument in the last 
subsection in order to get the same conclusion under the weaker assumption of 
Theorem The idea is not difficult: we use the fact that the exceptional set 8 
is relatively small as we formulate in dZD below. 

We resume the argument in Subsection 15.31 Recall that we are considering an 
arbitrarily small number e > 0. Let m and m! be large integers that we will specify 
in the course of the argument. We take n > no(l/m) so large that 

(70) vqp- [lOrnXmaxl < exp(£n). 

In the following we assume that / belongs to 

fi GiJv^nAlmAlm'-.p). 

v=\ 

We take to > 0 so that the conditions in the definitions of G{Jv, n, 1/m, l/m'-,p) 
for v = I,-- - , pq hold for t > to. From the definition of G{-) in Theorem 13.31 
this implies that, for any t > to, any z = {x,y) G Xf with x ^ Peii/m'(T,n) and 
1 < p < z/Q, there exists a subset £ = £y{z,t-,f) C t“"’(x) with //£ < pflOma,^] 
such that the condition (|24|) holds for any ^ € [— ^o] with J = J^. We put 

S{z,t;f) = U'Xi£^iz,t; f). 

From the condition (l70l) in the choice of n, we have 

(71) #£{z,t-,f)<exp{en). 

We may and do assume further that to is so large that to > 2n ■ ?/max and also 

(72) Ilog|detT)T)(w;)| G [xmin(/)-e,Xmax(/) + e] for any w G N/and t > to- 

We prove that (15^ holds for all a,b G A and 1 < j < J(t) if t > to is sufficiently 
large. (Notice that the constant Co in ( 1551 ) have to be uniform for a,b, t and j.) 
Suppose t > to and consider arbitrary a,b G A and 1 < j < J(t). We take a point 
zo = Zo{j) G suppp* (d H and write k/,(zo) = (xo,yo)- For each point x G t~^(xo), 
we define 

t(k,x) = + 2/0 

so that 0) = (xo,yo) = Kb{zo) for x G T“^”(a:o). Then, we construct 

the subsets Hk C t~^"‘{xo) for fc > 0 inductively as follows. For /c = 0, we set 
Hq = {a:o}- If Hk-i for tc > 1 has been defined, let Hk be the set of points 
X G T~^"(xo) satisfying 

(HI) x' := t"(x) G r-('=-F"(xo) belongs to Hfc-i, 

(H2) t — t{k — 1, x') > to, and 
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(H3) (a) x' G Peri/m/(T, n), or else (b) x G £{{x', 0),t — t{k — 1, x')-, /). 

Remark 5.10. The condition (H2) ensures that the subset £{{x', — x); /) 

in the condition (H3) is well-defined. 

We check that the number of points in Hk C T“^"(a;o) is relatively small com¬ 
pared with ^T~^"‘{xo) = Let us say that x G Hk+i, is a descendant of I'-th 
generation of x' G if = x'. Observe that 

(1) if x' ^ Peri/^/(T, n), the number of its descendants of the first generation 
is bounded by exp(en) from (ITT]) , and 

(2) if x' G Peri/^/(r, n), the number of its descendants of the first generation 
is r. 

In the case (2) above, the bound on the number of descendants is not effective. But, 
if the case (2) happens for x', the same will not happen for most of its descendants 
for several generations. More precisely, for arbitrarily large vq > 0, we may let 
m' be so large (depending on n) that the descendant of x' of i/-th generation with 
v < vq \s not contained in Per]^/^/(r, n) but for at most one exception. Therefore, 
letting m' be large, we may suppose 

(73) #Hk < Co^" exp(2£fcn) for fc > 0 

where Co > 0 is a constant depending only on e. 

Let % be the set of pairs (fc, x) of an integer fc > 0 and a point x € Hk- We say 
that a pair {k,x) € H is terminal if < — t{k,x) < tp and write Hterm C H for the 
set of such pairs. If a pair {k, x) € H is terminal, there is no descendant of x G Hu- 
Using the definitions prepared above, we divide the set (T|)“^(6) into several 
(disjoint) subsets. For each w G {Tj)~^{b) with ^ 0, let q[vS) G Ra^b^^j be 

the point such that 

q{w) := Kaiqiw)) G and Tj{q{w)) = Kb{zo). 

For each (fc, x) G H, let Q{k, x) be the set of points w G (T|)“^(6) with R]^^b w ^ 
such that 

(74) = {x,0) but ^ Hk+i X {0} 

where zq = (xo,yo) = Kb{zo)- (Recall (fTOl) for the definition of Sk{z,w,t).) Clearly 
the set (r|)“^(6) splits into the disjoint subsets Q{k,x) for {k,x) G H, provided 
that we ignore w G (T|)“^(6) with R^^^b w — ^- 

Remark 5.II. The former condition in (1741) implies that 

S{k-i)n{zo, q{w)-,t) = t - t(fc - I, T"(a;)) > to > 2n ■ j/max 
and hence that S(^k+i}n(zo, q{w);t) in the latter condition is well-defined. 

In the case where a pair {k,x) G R is terminal, we have t — t{k,x) < to by 
definition and we have Pj *^^’^\q(w)) = {x, 0). In particular, we have 

(75) #Q{k,x) < if {k,x) G "Hterm- 

In the case where a pair {k,x) G H is not terminal, we decompose the subset 
Q{k,x) C (Tj)~^{b) further. In this case, we have t — t{k,x) > to- Further, from 
the definition of H/c’s, we have, for w G Q{k,x), that 

(g») = T;-‘("’"Hg») = (x,0) ^ Peri/„,(T,n) 
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and 

j,s(fc+i)n(2o,9(™).t)^-^^^^ _ with X ^ iS((a;, 0), t — t{k, x); /). 

From IZl]), we can divide Q{k,x) into disjoint subsets Q,j{k,x) for 1 < p < pq so 
that w G Q(k,x) belongs to Q„{k,x) only if 

(76) det{DTj-*^'''"\q{w))) G 

and also that Q„{k,x) = 0 if (l68l) holds. 

We now estimate the essential operator norm of the operator on the left hand side 
of the claim (1661) . We decompose the operator into several parts, correspondingly 
to the decomposition of {Tj)~^{b) into Q^{k,x) for {k,x) G H, and estimates the 
essential operator norms of those parts. (We ignore w G {Tj)~^{b) with „, = 0 
since ^ j vanishes for such w.) 

In general, we have 

by Proposition 14.71 and Proposition 14.91 (in the trivial case of M = 1 and A = 1.) 
Hence, by a simple estimate using dZSl) and we obtain 


{/c,ic)G^^term W^Q(^k,x') 


<Co 


\k<t/{nya.u 


£to/y„i„ . (n exp(2efcn) • 


where the range of k in the sum on the right hand side is restricted to fc < t/{ny^in) 
because Hk is empty if nk ■ j/min > t. Since we have 


(77) 


^(/) > (P- l)fe(/) + Xmax 
2p 


Xniax 


from the definition and since we may suppose that e > 0 is small, we see that the 
right hand side of the inequality above above is bounded by when t is 

sufficient large. 

We next consider (fc, x) G TL which is not terminal. First of all, observe that, for 
the case of (0,a;o) G Hq, the argument in the last subsection applies to 


w£Q{0,xq) 


and we can conclude that the essential operator norm of this operator is bounded 
by Coexp{{fj, + e)t). (Note that the subset (5(0 ,ccq) by definition does not contain 
the problematic elements w G {Tj)~^{b) such that Ty"^^°’®^'"^’*^(g(ui)) G £(So, t; /).) 
Below we see that a similar argument applies to the case k > 0. 

Suppose that {k,x) GH is not terminal and w G Q{k,x). We consider the local 
chart Kc : <5 —>■ Ai/ for c = (a;, 0) G A/ so that the point {x, 6<5o) belongs to Kc{R)- 
Let V <G Q he the neighborhood of (0, 6<5o) that is mapped by o 

bijectively onto K{,(i?). We define 

E{w) := E{q{w),t-t{k,x);f) := det{DTj~*^^'''\q{w))) > 1 
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and 


S{w) := -F{q{w), t - t{k, x)\f) / E{q{w), t - t{k, x);f) 
where E{-) and E{-) on the right hand sides are those in (jllL so that 


(78) = 


E{w) 0 
g{w) - \s(w)E{w) 1 


where —>■ i? is defined by (IMl) and (1601) with b replaced by c. Then 

we may express the operator 

w^Q{k,x) 

as 


^ ^ ® ^k,x,i- 

, 1 < i-* < 1^0 


^ ' ^a^b,w,j ~ ^k,x O 
'w^Q{k,x) 

where the operators '^k,x,u and ^k,x,v are defined as follows: The operators 

w^Qu{k,x) 

and 

^k,x,u-. 0 

w^Qt,{k^x) 

are respectively analogues of the operators 'i’l, and considered in the last sub¬ 
section and defined precisely by 


^k,xAu) = ((pU.^., •«) o J-') 


w^Qij{k,x) 


and 




k,x,v 




w£Q„{k,x)') ^ ^ ' 

w^Qjy (k,x) 


On the other hand, we define 

Sfc., : ^ Ek,xu = u o 

For the operator X]i<i/<jyo '^k,x,iy°^k,x,u, the situation is parallel to that considered 
in the last subsection and hence we can get the estimate 


E 


o ^ (V) 


< Co exp((Af) + £)(t(k, x) + 6So)) 


applying Proposition 14.71 Lemma 14.81 and Proposition 14.91 For the operator ^k,x, 
we have the estimate 


ll-fc.xlless < C'oexp((xmax(/) +e)(t -t(k,x) -6So)/2p) 
from Proposition 133 and Proposition |T9] (in the trivial case of M = 1 and A = 1). 
Hence, noting (EH), we obtain 


£* 


a—>^b' 


: B^’P{R) B^’P{R) 


w^Q{k,x) 


< Co exp((/r(/) -b e)t) 
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provided that e > 0 is sufficiently small. Therefore we conclude (j 66 ll by summing 
these estimates for {k, x) S 'H \ "Hterm and using d73)l and arbitrariness of £ > 0. 

We have proved that the conclusion of Theorem 13.51 holds for / G C/. But notice 
that, to get the conclusion of Theorem [3^ for some 77 > 0, it is actually enough to 
show the estimate (l66)) for e = r]j2 and some (very) large t according to 77 and Cq. 
Hence the conclusion remains true for small perturbations of /. This completes the 
proof of Theorem 13.51 


6. Proof of Theorem 12.31 

In this section, we justify the heuristic argument in Subsection l2.2l and relate the 
distribution of the periods of prime periodic orbits of Tj and spectral properties of 
the transfer operators £*. In principle, we follow the idea presented in the paper 
[I] where a similar statement for hyperbolic diffeomorphisms is proved. 


6.1. A lift of the operator L*. We first introduce a kind of lift (or extension) 
L* of the transfer operator £*. Let us recall the definitions of the Banach spaces 
gr,p(|R 2 ) in Section |4] and [5] respectively. Using the notation appeared 

in those definitions, we define the operators 

n: 0c“(i?) ^ 0 n : 00'5(R") ^ 0C“(R") 

a^A a^Am.n a^Am.n a£A 

by 

H {{Ua)aeA) = (Xm,n(Ua))„g^_^gz+.nGZ 

and 



where Xm n is the function introduced in the proof of Lemma 14.51 and the ranges 
of the variables m and n are Z>o and Z respectively. We have D* o D = Id because 
{Xm,n} is a partition of unity on BR^ and x'm,n ' Xm,n = Xm,n- 

Let E'^'P be the Banach space obtained as the completion of the space 0^ ^ 5(1R^) 
with respect to the norm 


II ('am.n) 


(£ 0 ) _ 
r,p 



■ e{m) ■ \\Um,n 



l/2p 


where 

jeo, if 771 = 0; 

e[mj = < 

I 1, otherwise 

with £0 > 0 a small constant that we will specify later. From the definition of the 
norm on ,B’'’^(1R^), we see that the operators D and D* extend to bounded operators 


D : 0 B^ P{R) -A 0 0* : 0 ^ 0 B^’P{R). 

a^A a^A a^A a^A 
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Remark 6.1. In the definition of the norm || • above, we put the factor e(m) by 
a technical reason. Of course, the Banach space (as a set) does not depend on 
the choice of the constant Eq > 0. If Eq = 1; the operator D is an isometric injection 
by definition. 


For t > 6(5o, we define 

L‘: 0 B’'’P ^ 0 L* = DoL‘oD*. 

a^A a^A 

Also, for a C°° function (/? : R —>• OR compactly supported on [Gdo, +oo), we define 
L‘^= f ip{t) ■ L*dt : 0 B''’P ^ 0 B’^’P. 

a^A a^A 

Note that the following diagram commutes: 

"1 "I 

Lr 

The essential spectral radii of the three operators £‘, L* and L* in the commutative 
diagram above are same and their peripheral eigenvalues outside of it coincide. 
Indeed, we have checked this relation between £} and L* in Subsection [Q and, 
similarly, can check this relation between L* and L*. 

We define the flat trace of operators on ©„g^ B’’’*’. Let B))’^ „ be the Banach 
space L^P(IR^) equipped with the norm ||w||m = 2''"* • e(to) • ||w||i 2 p. Then a 

bounded operator IM : ©asA —> ©j,g^ B’’’^’ may be regarded as a matrix of 

operators whose components are 


Mr 




a' ,m' ,n' 


Dr,p 

■^a,m,n 


Dr,p 

^a' ,m' ,n' ’ 


V, I y ^m' ,n' O O 


where 'iTa,m,n is the projection to the (a, m, n)-component. If all the diagonal com¬ 
ponents ^{a,m,n)^{a,m,n) ars trace class operators and if 


a,m,n 


we define the flat trace of M by 

Tr^[M= ^ Tr IM(Q_m,n)-!.(a,m,n)- 

a,m,n 


Lemma 6.2. // IM is a trace class operator, its flat trace is well defined and we 
have Tr IM = Tr IM. 


Proof Suppose that IM is a rank one operator of the form IMm = y{u) ■ x with 
a: = {Xa,m,n) G 0 y = {ya,m,n) G 0(B’'-P)*. 


oGA 


aGA 
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Note that, letting g > 1 be such that q ^ + {2p) ^ = 1, we have 


H WV' 


where 



—rm 


■e{m) 1 • ||i;||l,. 


Hence we have, by Holder inequality, that 





and also that 



This and the definition of the trace norm give the conclusion. 


□ 


The flat trace may be defined for operators that are not of the trace class. 
We introduce such a class of operators. We say that a bounded linear operator 
^ • 0aGA 0aGA triangular if its components i^(a,m,n)^{a',m',n') is 

zero whenever 


2™(n)^ < 2^'{nY. 


Obviously, if [M is triangular, all of its diagonal components vanish and hence its flat 
trace is defined to be zero. Note that the sum and composition of two triangular 
operators are again triangular. 

In the next subsection, we will see that the operator for a C°° function 
: R —>■ IR compactly supported on [to, +oo) with sufficiently large to is decomposed 
into a trace class operator and a triangular operator. Hence the flat trace is well 
defined for L''^. Note that the components of are written as 



This is an integral operator with kernel ^ n)^{a'm' n')(^'’ '^) ^ ‘^(R^) and hence 
is a trace class operator. If {a,m,n) = {a',m',n'), its trace is calculated as the 
integration of the kernel on the diagonal: 



Since n-2^{n^)<k Xm,n converges to the Dirac function 5o as fc —>■ oo, we find 



(79) 


by straightforward computation. (Though this computation is not very simple, we 
ask the readers to check it.) Note that the right hand side is what we expect for 
/ (/5(t)Tr^£‘dt from (l5|). 
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6.2. A decomposition of the lifted operator. We decompose the operator L* 
for t>to (resp. for kp S C“([to,+oo)) into two parts as 

L* = (resp. 

where (resp. consists of its components ^\a,m,n)^{a',m',n') 

(reps. ,m',n')) Satisfies the condition 

( 80 ) 2 ™'(n')" < 2 '"+ 4 (n )2 exp(-(xmi„ + e)t) 

(resp. the same condition with t = minsupp;/? > to) and the operator 

(resp. consists of the remaining components. Clearly the trace-free part 

^trace-free (^ssp. is triangular provided that to is sufficiently large. 

Below we present two lemmas, whose proofs are deferred to the next subsection. 
The constants r > 0 and to > 0 are assumed to be sufficiently large. The first 
lemma tells that the trace-free part is strongly contracting. This is a consequence 
of the choice of the weights in the definition of the Banach space and may be 
rather obvious. 


Lemma 6.3. For to <t < 2to, we have 


“trace—free 


:0t 

aeA 


aSA 


< exp(pt) 


where p = Pp{f)- (See ([8]) for the definition of Pp{f).) 

Remark 6.4. As we will see in the proof, we can actually prove the statement above 
for arbitrarily small p by letting r and to larger. 


The next lemma proves that the trace class part is a trace class operator 

and also gives an estimates on its trace norm. 


Lemma 6.5. For a bounded subset X in C“([—1,1]), there exists a constant C, = 
Cf(X) such that, if ip is supported on [to,2to] and if there exists an affine map 
A(t) = at + fi with a G (0,1) such that the function cp o A(t) = Lp(at + (3) belongs 
to X, then 

IILLcellxr < and o forto<t<2to. 

Remark 6.6. The operator itself will not be a trace class operator. In the 

proof of the lemma above, we use the fact that the integration with respect to the 
variable t (with multiplication by p{t)) in the definition of IX reduces the part 
of functions that have high frequency in the flow direction (that is, the (a, m, n)- 
components with \n\ large). 

We proceed with the proof of Theorem 12.31 Below we consider the situation 
assumed in Theorem o We write B for the spectral projector of L* for the set of 
eigenvalues on the outside of the disk |z| < where p = Pp{f)- Note that this 

spectral projector ITI is of finite rank and does not depend on t provided t > to. By 
letting to be larger if necessary, we assume 

lion o L‘ : B^'P{Xf) -A B^'P{Xf)\\ < exp ((p -f e)t) for t > to- 
The next proposition is the key to the proof of Theorem 12.31 
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Proposition 6.7. Suppose that X is a bounded subset in 1,1]) and that p 

is a C°° funetion supported on [to,2to] such that (poA{t) = (p{at + fd) belongs to X 
for some affine map A(t) = at + jd with a G (0,1). Then we have 

(81) |Tr'’((l — n) o o L^l < • exp((p + e)T) for any T> to 

where the constant C'^ = C'^{X,to) depends on the bounded subset X C 1,1]), 

to and e, but not on a and fd. 


Proof. Let us write T > to b.s a. sum T = + ^2 + • ■ • + with to < ti < 2to. Since 

the operators ITI, L* and commute and since 1 — ITI is a projection operator, we 
may write 

(1 - n) o o = (1 - n) o L*"* o o (1 - n) o o l*"*-" o • • • o o 

= - 11 o L*-) o o (1 - 11) o L*—1 o ■ ■ • o o 

+ L:race-Ree ° O (1 - H) O O • • • O O L‘^]. 


Applying the same deformation to the operator in the last bracket [•] and continuing 
this procedure, we express the operator (1 — FI) o o as the sum of 


Ljrace-free- 




Ljrace-free- 


, . O 1 *1 0 1“^ 

“ Hrace-free “ '^tracei 


n im 

““trace—free 


O 


■•oL*Lee-Ree 


o (L 


ti 

trace 


11oL‘i)oL^ 


and 


L^race-free ° ° ° ^ O L*'') O O (1 - H) O O • • • O L‘^ 

for fc = 2, • • • , TO. 

Remark 6.8. At the last stage of the development above, we find the term 

L^race-free ° ° L^Lce-Ree « O (1 - F) O L‘^ 

= L‘-ce-free ° ° O L‘^ O (1 - F) O L'^. 

This term is decomposed into the first three terms above. 


Notice that the first operator above is triangular and hence its flat trace vanishes. 
From Lemma 16.31 and Lemma 16.51 the second operator is a trace class operator and 
its trace norm is bounded by 

exp(p(ti 1-h tm)) ■ 

Similarly the trace norm of the other operators are bounded by 

m \ / k—l 

P ti] ■ +C) ■ Cexp I (p + g) 

/ \ 2—1 

for k = 1 and fc = 2, • • • , m respectively, where (7 is a constant depending only on 
the choice of to and the rank of FI. Hence the claim (l8T|) follows from the estimates 
above. □ 



Since the spectral projector F is of finite rank, so is FI o L* and therefore we have 


k' « 

Tr^ (F o o L*) = Tr (F o o L‘) = y]] / Lp{t)e>^'*dt. 

2 = 1 


(82) 
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Thus Proposition 16.71 is convincing. Below we give an argument to finish the proof. 
We first justify the relation ([6]). Let us put 


[T/hW 

-(^) = E E 




1 

n 


1 

1 - ■ 


Note that, if we defined Tr“£‘ by the formula ([5|), we might write it formally as 

n{T)= [ i-Tr^£*dt. 

J+o t 

The difference between 7r(T) and tt{T) is bounded by 


LT/I7IJ _i 

E E —— 

1 p-ra 
■yer n=2 ^ 


E 

7Gr:|7|<T 




oo 


^E E 1 + 

n=2 7gr:|7|<T/ra 


E 2 .By. 

7 Gr:| 7 |<T 


As we noted in Subsection 12.21 this difference is negligible. By the general argument 
on the topological pressure of flows (see [3 Theorem C] for instance), we have 

^ log E ^ = PtopiTj, 0) = h{f) 

7Gr:|7|<T 


and 

^1^ ^ E = PtopiTj, - logdet DTj) = 0. 

7 Gr:| 7 |<T 

Hence we have 

lim Eog|if(T) - 7r(r)| < 

T—>oo 1 I 

That is, the difference between 7r(T) and 7f(T) converges to 0 much faster than the 
error term in the conclusion of Theorem 12.31 Therefore it is enough to prove the 
statement with 7r(T) replaced by 7f(T). 

In order to the last step of the proof, we introduce a few definitions. Let 


A* = iK!) - P)/ 2 - 

For large T to, we take C°° functions 

ifif [0,1] for [tol + 1 < * < EJ 

and 

V'E R ^ [0,1] for 0 < i < k{T) := [/rT/ log 2] 

so that 

(i) The supports of (pj and ipf are contained respectively in the intervals 

h = \i-l,i + l] and J, = [T - 2-\T + 2-'=l'^l]. 

(ii) Let Ai : [0,1] —>■ A and A' : [0,1] —>■ Jy be the (unique) orientation preserv¬ 
ing affine bijections. Then the set of functions 

{pj o and {V'f ° A'i\i<i<k{T) 

are contained in a bounded subset X C (^“([0,1]) that is independent of T. 
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(iii) If we put := ELpol+i+ Ei=o for 1 < fc < k{T), we 

always have that 0 < 'l'fc(t) < 1/t and that 


'E'fe(T)(0 — 
and, for 0 < k < k(T) — 1, 


1/t, forte [to + 2 ,r]; 

0, for t < to and t > T + 


1/t, for t G [to+ 2,T-2-'=]; 
0, for t < to and t>T. 


We complete the proof of Theorem 12.31 (assuming Lemma 16.31 and 
condition (iii) above and (1751) . we have that 


From the 


Tr^ (^J ^'fc(T)-i(t)L‘dt^ < n{T) < Tr^ (^J ^'fe(T)(t)L‘dt^ + ^(to + 2) 
r(T)-Tr^(/,'^(l/t)(noL‘)dt) 


Hence the difference 


is bounded by 


i/fe(T)(t)|Tr^(noL‘)|dt 


LTJ k{T) 

+ Tr^((l-n)oL^^) Tr^((l-n)oL’^?’) 

*=rtoi+i *=o 

plus a constant independent of T. By the estimate (IMT) . we see that the second 
and third terms are bounded by 

LTJ fc(r) 

C' exp ((p + s)k) and C' exp((p + e)T + k log 2) 

k=l k=0 

respectively. Hence their sum is bounded by C exp((p + fi + s)T). The first term is 
bounded by C'exp((ti(/) — + e)7") because 

|Tr''(in o L‘)| < rankn • exp((ti(/) + e)t) 

for sufficiently large t. Therefore, from the choice of /i, we obtain 

cT 


T(r)- [ Tr^(noL‘)dt 
Jto 


< C exp((h(/) + p + s)Tl2). 


Clearly the conclusion of Theorem 12.31 follows from this estimate and 

Remark 6.9. In the last part of the argument above, we find the reason for the 
choice of ^ = {h{f) — p)/2. This also explains why we had the average p in the 
statement of Theorem 12.31 


6.3. Proof of Lemma 16.31 and 16.51 Lemma 16.31 and 16.51 follows form elementary 
estimates on the components of the operators L* and . If we let to > 0 be 
sufficiently large, we have the following two lemmas. 

Lemma 6.10. For any p > 0, there exists a constant (7^ > 0 such that 

ll'L(a,m.n)-)-(a',m',n') ' {R) “t {R)\\ < exp((Xi„ax + £)t / p) ' Ai(n, u) 
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for any a, a' € A, for any integers n, n', m> 0, m' > 0 and for any t > where 
Ai(n,n') is that defined in Further, if 

m' > 0, 2™ {n')'^ > ■ exp(— (xmin — and to < t < 2to, 

we have 

■ L^^R) ^ {R)\\ < C. ' max{2-(n)^ 2^' 


Proof. The claim is proved by inspecting the kernel of L*^ ^ n)^{a'm' n') using 
integration by parts. We omit the detail of the proof because the argument is 
parallel to that in the latter part of the proof of Proposition |43 □ 


Lemma 6.11. Let X C 1,1]) be a bounded subset. For any v > 0, there 

exists a constant Cv{X) such that, if ip is supported on [to,2to] and if there exists 
an affine map A{t) = at + P with a > 0 such that the function (po A{t) = (p{at + /3) 
belongs to X, then we have 


(83) 

< Cv{X') - a- {a\n\^)~'' ■ . 


Proof. We proof is again parallel to that of Proposition 14.71 We write the integral 
kernel of the operator 

explicitly and apply integration by parts. This time, we apply integration by parts 
also to the integration with respect to the variable t. (Note that the mapping 
on local charts satisfies A*^^,{x,y) = Al^^^,{x,y + t) when |r| is small.) Then we 
obtain the factor a~^ ■ {a~^\np)~'' in addition. □ 


Lf , 


a',m',n') j ' ^{a,r 




From the first claim of Lemma [6.101 and the definition of we obtain 

Lemma l6^ provided that we let the constant Eq > 0 in the definition of || {um,n)\\r\p^ 
be sufficiently small and let to be sufficiently large. To prove Lemma 16751 we note 


^{a.m,n)—^ta',7n'.n') "tCm' ,n' ^ ^(a,m,n)—^(a',m',n')' 

Recalling Lemma [4.51 we see that this implies the estimate 


IlMa 


la' ,m' ,n 


) : L^P(R) - 
< Co2^' 


R^^(R)llTr 

'{n’f 


(a.’m,7i)^(a' ,7n\n') 


: L'^P{R) 


and the same estimate with L( \ , ^ / , 

(o,m,n)—>-(a ,m 

the estimates on the operator norms of Lf 


replaced by Lf . 


L^P(R)\\ 

Hence 


a' ,m' ,n 


a' ,m' ,n')' 

and Lf s , , , , 

{a.,m,n)—f{a' ,m,n' 


Lemma 16.101 and Lemma 16.111 give the corresponding estimates on the trace norm. 
Finally we evaluate the sum of the trace norms of the components of and 

by using the estimates thus obtained, and conclude Lemma lRbl (Though 
this final step is not completely simple, we omit the detail because the estimates 
involved are straightforward and crude.) 


7. Proof of Theorem 13.31 

The proof of Theorem 13.31 presented below is basically in the same line as the 
corresponding argument in the author’s previous paper m- But we need to modify 
the argument in some places. 
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7.1. Families of roof functions. We consider the family of functions 

K 

(84) fsix) = f{x)+ '^Sk ■ gkix) with parameter s = (si,S 2 ,- 

k=l 

for / e 5'(yi„in,ymax,Ko) C (7^(5'^) and C°° functions 

(85) gk-.S^ ^R, l<k<K. 

The range of parameter will be restricted to 


R{a) = {s = (si, S 2 , • • • , Sif) I |sfc| < cr for 1 < fc < K} 

for some small cr > 0. The choice of the functions gk G and the constant 

(T > 0 will be given in the course of the argument below. 

We consider an interval J = [a, 6], as in the statement of Theorem 13.31 We 
suppose 0 < e < min{a, 1} and set 


( 86 ) 


q = q{s) := 


10a 


Below we consider an integer n > 1 and show that the conclusion of Theorem |37 
holds when n is sufficiently large according to e. 

Let X G and m > 1. For each p-tuple of points in T“'""(a;), 


we set 
(87) 


x=(x(^))Lle(r-™(x))^ 


5(x,fc;/3)=r'=5]-/«(x(*)). 


For an array X = (xi, • • • , Xg) of g elements in (r ”^"(x))p, we consider the map 


^x,x ■■ ^ R'^, ^’x.x(s) = (^S(xj,mn;fs)^ 


i=i 


This is an affine map and its linear part does not depend on / = /q. 


Definition 7.1. We say that an (ordered) array of g elements in (r "(x))^, 

(88) X = (xi,X2, • • • ,Xg) 

is independent if there is a component Xj(i(j)) of Xj for each 1 < j < g such that 
Xj (z(j)) does not appear as a component of Xj/ if j' < j. 

The following claim is proved easily. (We omit the proof.) 

Lemma 7.2. For an array X C (r“"(a;))^’ of p-tuples in r“"(a;), we set 

|X| := {x' G t“"'(x) \ x' is a component of some x G X} C t“"(x). 

If ff\X\ > p{g — 1), there is an independent array of g elements in X. 

The next lemma explains the motivation for Definition 1 7. II 


Lemma 7.3. There exist no > 0 (depending on q and hence on e) such that, for 
any (5 > 0 and any n > no, we can find a family of smooth functions gk '■ ^ R, 

1 < fc < K, such that the following property holds for the family For any 
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X € \ Per 5 (r, n), any m > 1 and any array X = (xi, X2, • • • , xi) of q elements 

in such that 

X := (x, := e (r-"(a.)r) , 

is independent, we have 

> 1 

for some q-dimensional subspace Z C R'^. 


Proof. Let us consider an arbitrary point s € \ PeTs{T,n). For p > 0, let Vs{p) 

be the open p-neighborhood of s in For q £ t~^{s), let Us,q{p) be the connected 
component of T“”(14(p)) containing q, so that r“"'(T4(p)) is the disjoint union of 
Us,q{p) for q G T“”(s). Since s ^ Per(T,n), we have T^{qo) 7 ^ <71 for any distinct 
< 70 ,9i € T~^{s) and any 1 < fc < n. So we can choose p{s) > 0 so small that 

(89) T'^{u.,qMs)))nUs,qMs)) = 9 


for any ( 70,91 € t“"'(s) and any 1 < k < n. In particular, if a; £ T“"'(I4(p(s)), we 
have T^{x) ^ r“"(Vs(p(s)) for 1 < /c < n. 

We take functions gs,q : 5^ — >■ R for 9 £ t“”(s) so that gs,q is supported on 
Us,q{p{s)) and satisfies 


-^9s,q{x) = 2r 


on Us,q{p{s)/i) and 




< 4£” on 


By compactness, we can and do take a finite subset H C so that I4(p(s)/3) for 
s € H cover \ Peis{T,n). Finally we define gk, 1 < fc < i£, as a rearrangement 
of gs^q for s £ iJ and 9 £ t~'^[x). 

We check that the conclusion of the lemma holds if we define the functions gk, 
1 < fc < K, as above and if n is sufficiently large. Suppose that a: £ and arrays 
X and X are given as in the statement of the lemma. Since X is independent, there 
is 1 < *( 9 ) < p for 1 < j < 9 such that Xj(z(j)) is not a component of Xj/ if f < j. 
We take s £ so that x £ T4(p(s)/3) and select 1 < fc(j) < for 1 < j < 9 so 
that gk(j) corresponds to gs,q for 9 £ t~^(s) such that Xj(i(j)) £ Us^q{p(s)/3). Let 
Z be the 9 -dimensional subspace of R^ that contains the Sk(j)-&x.is for 1 < j < 9 . 
Observe that flz is represented by the 9 x 9 matrix whose (j, j')-element is 


p mn— 1 


Z=0 


We regard this matrix as the sum of and with 

p mn—1 


*—1 l—{m—l)n 


riO) 


From the disjoint property of the orbits of the supports of gk{j) that follows from 
(I89|) and from the assumption that X is independent, we observe that 

(a) is lower triangular in the sense that = 0 if j' > j, 

(b) the diagonal components of ^re 2fc for some 1 < fc < p, while the 
other components are bounded by 2p in absolute value, and 

(c) is a 9 X 9 matrix whose elements are bounded by 4£ ”/(l — i ”). 
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Hence if n > no for some large no depending on q (and p, £), we always have 

= det(M(°) + > 1 . 

This completes the proof. □ 

In the following, we fix the family of functions gi given in the lemma above. 


7.2. The exceptional set. In this subsections, we investigate the situation where 
the roof function / does not belong to C/( J, n, e, 5;p) and derive a few consequences. 
So let us suppose that there is an arbitrarily large t > 0 and a point zq = (xo, yo) € 
Xf with xq ^ Per 5 (r, n) and ^o S [—6*o,0o] such that, for any subset £ C T“”{a:o) 
with < pq = p|"10a/e], we have 

(90) * vp»-(w P/)(Co 1) “ - a, 0} + p{b - a) + e)t) 

where the sum is taken over w = (w(l), • • • , w(p)) e B{zo,t-, J; f)P such that 
j,s„{zo,vr{z),t) ^ X {0} for i = I, 2, • • • ,p. 

We begin with a few basic estimates (which hold in general). From the definition 
of B{zo, t] J',f), we have 

e“* < E{w) = ^ 7 -^ < k(zo,w;t) < —^ 

log i log i 

for w G B{zo, t; J', f), where k{zo, w; t) is that defined in (ITOl) . Hence, if we set 


at 


n\og£ 


we have mn < k{zo, w, t) and 

/(’"”)(r;™”("“’’";‘)(a;)) < t < + for w G B{zo,t-J-J). 

^ a 

Note that, for each x G t“'""’(xo), we have 

(91) #{w G B{zo,t]J;f) I = x} < glbt/loge\-mn < ^n+l^{b-a)t^ 

For each x = (x(j))?^r ^ ('^”"( 2 ^ 0 ))^, let us set 


E (^™”ko-5(x,mn;/)|) 

X—>^X 


where S{Si, mn; /) is that defined in (l87l) (with s = 0) and the sum 1® taken 

over those x = (x(z))?,^r £ {t~'^'^{xo)Y satisfying 

(92) Tl™-il”(x(i)) =x(*) and /(™")(i(i)) < for 1 < i < p. 

a 

We claim that the assumption (I5n|) implies 

(93) A*(x) > exp (^(^max{p-/i(/) - 0 , 0 } + I) t) 

xG(i— ‘^(x)\S)P 


for any subset £ C t ”(xo) with < pq, provided that t is sufficiently large. To 
check this claim, let us consider the quantity 

E tF’'(w,t;/)(Co,2) 


for X G (r-’””(x))P 
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where the sum X]w->-x i® taken over w = G J; f)P such that 

(94) x(i) = forl<i<p. 

Then, from (IMI) . we have 


A(x) < Co(r+i exp((6 - a)t)r - ^(x, mn; f)\ 

r on r and Oq, because 
<Co(r^\^o-SiSc,mn;f)\ 


with Co a constant depending only on r and Oq, because 

1 


W"’'(w,t;/)(Co,2) 
for w G B{z,t; J; f)P satisfying (IMll . Hence, for x G (r“”(a;o) \ £)^, 
A(x) < Co{£'^~^^ exp((& — a)t))^A*(x). 


If we take the sum of the left hand side above over x G (r“"(a;o) \ £)^, the total 
equals the left hand side of (IMll . Therefore we obtain the claim (IMl) provided that 
t is sufficiently large. 

We next give a consequence of (IMl) . Let us write yfe, 1 < fc < for the 
elements of (T“"’(a;o))P and suppose that they are sorted so that A*{yk) > A*{yk') 
ii k < k'. For 1 < k < , let 


Yfc = {x G T "(xo) I a: is a component of yu' for some k' <k}. 

Let fc, be the maximum of 1 < /c < such that #Y/c < pq. Set £ = Yfc, in (IMl) . 
Then, since A*(x) < A*{yk,) for x G {t~'^{xq) \ £)p, we have that 

• A*(yfeJ > exp (^(ma.x{p ■ h{f) - a, 0 } + 0 . 

This implies 

(95) A*(yfe) > ^exp((max{p-/i(/) - 0 , 0 } + (e/2))t) for 1 < fc < fc*. 

Since ifPk, > p{q — 1), we can choose an independent (ordered) array from 

Yk, 1 < fc < fc*, by using Lemma [7.21 In conclusion, we found an array of 

q elements in {t~'^{xo)Y that is independent and that (1^ holds with y^ replaced 
by Xj for £ < j < q. 

Finally we reconsider about the choice of xq G and G [—Recall 
that these are given from our assumption that the condition in the definition of 
G{J,n,e,S-,p) does not hold for /. But, by continuity, it is possible to shift these 
points a little to so that they belong to some grids and that the conclusion of the 
argument above remains true for them (with slight difference in the constants). 
Precisely, for each m > 0, we choose a set P{m) of points in x [—0o,^o] such 
that #P(m) < and that the £-(i+^)™"-neighborhood of those points 

cover x [—Oq, 0o]- Then we can shift the point (xg, ^o) to a nearby point in P{m) 
so that the conclusion at the end of the last paragraph remains true. 

Let us summarize the argument in this subsection as follows: 


Lemma 7.4. If f € T?(2/min, 2/max, ^o) does not belong to Q{J,n,e,5]p), we can find 

(a) an arbitrarily large integer m > 1, 

(b) a point {xqYo) S P{m), 

(c) an independent array of q elements in (t~‘^(xo)Y, 
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such that 

^ - <5(x,mn;/)|^ > exp ((max{p ■ h{f) - a, 0} + mn\ogi 

X-J-Xfe ^ 

where the sum taken over x G satisfying i92\) with x = x^. 

7.3. The end of the proof. Let £,(5 > 0 and J = [a, 5] are those given in the 
statement of Theorem ESI We take functions —>■ IR for 1 < fc < iG as in 

Lemma [721 and consider the families (1511) for all / G 2/max, kq). (The choice 

of cr > 0 will be given below.) For each of such families, we prove that /s does not 
belong to Q{J, n, e,S;p) only when the parameter s G R{cr) belongs to a subset with 
zero Lebesgue measure. This implies that the subset G{J,n,e,6;p) is a prevalent 
subset. 


Remark 7.5. For the last statement, recall Remark 13.41 The Lebesgue measure 
on the finite dimensional subspace of C°°{S^) spanned by (/fc, 1 < fc < iF, is the 
transverse measure to diVmin, 2 /max, no)\G{J,n,e,5]p). 

Let ry > 0 be a small real number that we will specify later. (At least, we suppose 
that rj is much smaller than e.) Then let cr > 0 be so small that 

e~"’■ f{x) < fs{x) < e'^ ■ f{x) and \h{fs) - h{f)\ < rj 

for s G R{cr) and / G 5^(2/min, 2/max, ^o)- For tq G and m > 1, let B{xQ,mn) be 

the set of points x in r“"‘"(a;o) satisfying 

(96) /'-"'(x) < e" . 

a 

Note that, when m is sufficiently large, we have 
ffB{xo,mn) < exp (^h{f) ■ 

For an integer m > 1, a point (xq, ^o) G F’(m), an array (xj)j^j^ of q elements in 
{T~^{xo)y and an array (xj)^^^ of q elements in (r“’””(a:o))^ such that 

(97) T^"*“^^"(xj (/)) = Xj (j) for 1 < * < p and 1 < j < q, 
we define the function 


Sm((a;o,Co); (xj)]=i; (x^O^i) : i?(cr) ^ R 
on the parameter space i?(cr) by 

q _ 

^m{{xo,f.o); {^j)j=G {^j)j=i)y) = n (^"""1^0 - *5(Xj,mn,/s)|^ . 

i=i 

If the array (xj)J_2 is independent, we have from the choice of the functions gi that 


'R(<7) 


.{{xo^o); (x,)|^i; (x,)j^i)(s)ds < 


for a constant Cq depending only on r. Therefore we have 


( 98 ) 




((xo,^o); (Xj)|^i; (Xj)|^i)(s)di 


< • £2(i+E)™r. , . rnnloge ^^ 
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for sufficiently large m, where the sum is taken over combinations of 

• a point (xo,Co) S P{rn), 

• an independent array of q elements in r“”{a;o))^ and 

• an array in {B{xo,mn)y C satisfying (1^ . 

Let X C R{(j) be the set of parameters s G such that /g belongs to 

T?(?/min, 2/max) kq) and does not satisfy the condition in the definition of C/( J, n, s, 5\p). 
From the conclusion in the last subsection given in Lemma 17.41 we see that 

X C lim sup Xm 

m—^oo 

where Xm is the set of parameters s G R{cr) such that 
^**S™((a;o,?o);(xj)]^i;(ii)j=i)(s) > exp (p • e"’' • h{f) - a + |) 

Comparing this with (IMll . we see that the Lebesgue measure of Xm is bounded by 

- e-')?. k(/) - I) ■ 

From the choice of q in (I86|) . we can take small rj > 0 (and also cr > 0 accordingly) 
so that this bound decreases exponentially with respect to m. Hence Lebesgue 
measure of X is zero by Borel-Cantelli lemma. 
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